We prove that each action of a compact matrix quantum group on a compact quantum space can be decomposed into irreducible representations of the group. We give the formula for the corresponding multiplicities in the case of the quotient quantum spaces. We describe the subgroups and the quotient spaces of quantum SU2 and SO3 groups.
Introduction
Quantum groups have been already applied in various areas of physics, like conformal eld theory and exactly solvable models in statistical mechanics. It is especially interesting that they could possibly describe symmetries of (quantum) space-time in a future quantum gravity. In the same time, the nature and properties of quantum groups are still under investigation. The local description of quantum groups is given in terms of quantum universal enveloping algebras (cf e.g. [Dr] , [J] ). In the global description we i n v estigate the functions on quantum groups (cf e.g. [W2] , [RTF] ). A deep insight i n that global structure is given by the topological approach developed in the series of papers of S.L. Woronowicz [W1] - [W6] . We use that approach in the present paper.
The classical SU(2) and SO(3) groups play an important role in description of spherically symmetric, stationary problems in physics. Also their subgroups are important in description of various physical systems. The description of quantum SU(2) groups was given in [W2] . Their quantum homogeneous spaces, quantum 2-spheres, were investigated in [P1] , [P2] , [P5] (cf also [VS2] ). However, the general theory of quantum subgroups and quantum homogeneous spaces was only touched there. In the present paper we want to treat that subject im more detail. We also provide more examples.
In Section 1 we i n v estigate the general theory of the (right) actions of (compact matrix) quantum groups on (compact) quantum spaces. In Sections 2 and 3 the theory is illustrated on the example of quantum SU(2) and SO(3) groups. We classify their subgroups and describe the corresponding quotient spaces. Provided examples of nite quantum groups can have a n application in the theory of pseudogroups of Ocneanu. In the course of the paper we substanciate some statements made in [P1] and [P5] . The results of the paper were partially contained in [P3] and partially announced in [P4] .
Throughout the paper we use the terminology and results of [W2] , [W3] . All considered C -algebras and C -homomorphisms are unital. The symbol denotes a C -isomorphism. If M is a subset of a C -algebra A then < M > denotes the closure of span M. Let us recall (cf [W1] ) that (compact) quantum spaces X are abstract objects which are in bijective correspondence with C -algebras C(X). In particular, if X is a usual (compact Hausdor) space then C(X) has the usual meaning of C -algebra of continuous functions on X. Each commutative C -algebra can be obtained in that way (up to a C -isomorphism).
We use the Pauli matrices 1 Symmetries of quantum spaces
In this Section we dene the notion of subgroup of (compact matrix) quantum group. We also provide the basic notions concerning the actions of quantum groups on (compact) quantum spaces. We prove that each such action can be decomposed into irreducible representations of the quantum group. We give the formula for the corresponding multiplicities in the case of quotient quantum spaces. Let us recall u kr u rl k;l= 1 ; 2 ; : : : ; N ;
(1) 3. u and u T = ( u lk ) N k;l=1 are invertible.
In particular, each compact group of matrices G GL(N;C) is a quantum group [W3] . Then A = C(G) and u corresponds to the fundamental representation of G: u ij (g) = g ij 2 C, g 2 G, i; j = 1 ; : : : ; N . Each quantum group with commutative A is of that kind (up to a C -isomorphism). We use the notation A = C(G) for any quantum group. We s a y [W3] w kr w rl ; k;l= 1 ; 2 ; : : : ; M ; for some M 2 N. W e denote M = dim w. It is easy to see (cf [W3] ) that w T is also invertible and therefore the w-image of G is a quantum group:
Let w be a r epresentation of a quantum group, M = dim w. Then (C (fw ij : i; j = 1 ; : : : ; M g ) ; w ) is also a quantum group.
Note. Let C (fw ij : i; j = 1 ; : : : ; M g ) = A . Then quantum groups (A; u) and (A; w) h a v e the same and can be identied.
The unital -algebra generated by all matrix elements of u is denoted by A. T ensor product ( > ), direct sum (), equivalence (') and irreducibility o f representations of G are dened as for usual matrices (cf [W3] ). In particular, representations w, w 0 are equivalent i f d i m w = dimw 0 and there exists S 2 GL(dimw;C) such that w = Sw 0 S 1 . Each representation is equivalent t o a representation which is unitary (as matrix). Let fu g 2Ĝ be the set of all nonequivalent irreducible unitary representations of G. W e denote by u 0 the trivial representation (0 2Ĝ, dimu 0 = 1 and u 0 11 = I). Set d = dimu . Due to [W3, Prop.4.7] , the matrix elements of all u , 2Ĝ give a linear basis of A. The Haar measure h is the state on C(G) which is equal 1 on I and 0 on other matrix elements of u , 2Ĝ. It is invariant, i.e. (id h)(x) = ( h id)(x) = h ( x ) I , x 2 C ( G ) [W3, Th.4 Conversely, let G be a compact group of matrices. Then each its subgroup in the sense of Def.1.3 is also a compact subgroup in the usual sense (up to a C -isomorphism).
According to Def.1.3, S q U(N); q2(0; 1] (see [W4] ) is a subgroup of S q U(N + 1 ) ( w e use the identication of Note after Prop.1.2 for the representation w = u u 0 of S q U(N), cf eq.(1.7) of [NYM] ).
The second main notion of the paper is introduced as follows. Let X be a quantum space and G be a quantum group. We say that a
Remark 1. This denition is more restrictive than that used in [P1] . Nevertheless, Thm.1 and Thm.2 of [P1] remain true if we use instead Def.1.4 (cf Corollary 1.6).
Remark 2. In the classical case (i.e. if X is a usual compact Hausdor space and G a compact group of matrices), Def.1.4 means that = , where : X G ! X is a right continuous action of G on X in the usual sense (including the condition (x; e) = x for x 2 X).
Let X be a quantum space and G be a quantum group. Let us x a C -homomorphism : C(X) ! C(X) C(G). We Let be an action of a quantum group G on a quantum space X. W e denote E = ( id ) , W = E C(X) C(X) for 2Ĝ (see (4) Let X be a quantum space, G be a quantum group and : C ( X ) ! C ( X ) C ( G ) b e a C -homomorphism. Then is an action of G on X i there exist sets J , 2Ĝ, and linearly independent and linearly dense elements e mj , 2Ĝ, m 2 J , j = 1 ; : : : ; d , i n C ( X ) such that e mj = e ms u sj . In that case #J = c if one of these values is nite.
Proof.`)'is contained in Theorem 1.5. Conversely, let such elements e mj be given. Then condition a) of Def.1.4 is satised (it suces to check i t o n e mj ), while the condition b) follows from e mk w = fI [w(u T ) 1 kj ]g e mj , where w 2 C(G), 2Ĝ, m 2 J , k = 1 ; 2 ; : : : ; d . Moreover (see the proof of Th.1.5), W s =< e ms : m 2 J >, c = dim < e m1 : m 2 J >, which proves the last statement.
2.
Now w e shall nd the numbers c for the quotient spaces. Let H be a subgroup of a quantum group G. The quotient space HnG is dened by C(HnG) = f x 2 C ( G ) : ( HG id) G x = I xg (cf [P1, Sec.6] ). Similarly as in [P1, Sec.6] we get that E HnG = (h H id)( HG id) G is a completely bounded projection from C(G) o n to C(HnG). Moreover, (E HnG id) G = G E H n G . T h us we can dene Let H be a subgroup of a quantum group G. Then HnG = G j C H n G :
is an action of G on HnG. Moreover, c = n (the multiplicity of the trivial representation (I) in the decomposition of HG (u )into irreducible components).
Definition 1.8
All the pairs (HnG; HnG ) obtained in the above way (and the pairs isomorphic to them) are c alled quotient. Let be an action of a quantum group G on a quantum space X. We say that a pair (X; ) is embeddable if C(X) 6 = f0g and there exists a faithful C -homomorphism : C(X) ! C(G) such that G = ( id) (cf [VS2] ). We say that (X; ) is homogeneous if c 0 = 1 .
Remark 3. In the classical case C(HnG) is the commutative C -algebra of functions which are constant on the orbits Hg(g2G) of the subgroup H of G. Let be the continuous projection : G ! HnG. Then identies that C -algebra with the C -algebra of continuous functions on the usual quotient space HnG. Then is identied with , where is the usual right continuous action of G on HnG.
Remark 4. In the classical case (X; ) is homogeneous i X 6 = ; is homogeneous w.r.t. the action of the group G (see Remark 2).
Proof. Let x 2 C(X). Then x 2 W 0 i x = x I i x(pg) = x ( p ), p 2 X, g 2 G i x is constant on the orbits pG of G.
(: I f X 6 = f 0 g is homogeneous then pG = G, W 0 = CI, c 0 = 1 . ) : X 6 = f 0 g since c 0 = 1 > 0. Assume ad absurdum that X is not homogeneous. Then there exist p; p 0 2 X such that p 0 = 2 pG. By the Urysohn lemma there exists f 2 C(X) such that 0 f 1, f j pG = 0 , f ( 
This contradiction proves the homogenity o f X . 2 .
A relation among the above notions is given by Proposition 1.9
Let be an action of a quantum group G on a quantum space X. Then a) (X; ) is quotient ) (X; ) is embeddable ) (X; ) is homogeneous b) In the classical case (X; ) is quotient () (X; ) is embeddable () (X; ) is homogeneous Proof: a) The rst implication holds for = id : C(HnG) ! C(G). Let now ( X; ) be embeddable, x 2 C(X), x = x I. Then G (x) = ( x ) I . Acting on both sides by id h G we get (x) = h G ( ( x ))I 2 CI, x 2 CI. T h us W 0 = CI, c 0 = 1 . b) In this case each homogeneous space is (up to a homeomorphism) quotient, which proves the implications opposite to that of a).
Remark 5. Examples of non-compact quantum homogeneous spaces are given by [W8] .
2 Subgroups and quotient spaces of quantum SU2 groups.
In this Section we classify the subgroups of quantum groups SU q (2), q 2 [ 1; 1] n f 0 g . The corresponding quotient spaces are described (for q 2 ( 1; 1) n f 0 g ).
First, let us recall that compact subgroups of SO (3) are given by a) SO(3), b) SO(2) n (all rotations around the axis given by n), c) DO(2) n (the elements of SO(2) n and all rotations through angle around axes perpendicular to n), d) C m;n (rotations through angles 2 m k, k = 0 ; 1 ; : : : ; m 1, around axis given by n), m = 1 ; 2 ; : : : , e) D m;n; (the elements of C m;n and rotations through angle around m axes in plane n perpendicular to n, with equal angles between neighbouring axes, where denotes the angle in n between the projection of e 3 on n (we take e 1 instead of e 3 if n = e 3 ) and rst axis in anti{clockwise direction), m = 2 ; 3 ; : : : , 0 < m , f)T n; (the symmetries of regular tetrahedron with one of vertices in direction of n, where is now measured towards a projection of an edge starting in this vertex), 0 < 2 3 , g) O n; (the symmetries of regular octahedron with n; dened as in f)), 0 < 2 , h) I n; (the symmetries of regular icosahedron with n; dened as in f)), 0 < 2 5 , where n is a unit vector. We h a v e t w o opposite choices of n for any subgroup in b)-f) (in the case of f) the change of sign of n corresponds to the inversion of the tetrahedron) and many c hoices of n corresponding to the vertices of the solid for any subgroup in f)-h) (thus we h a v e 8 c hoices for f); is unique for a given n, but can depend on its choice); moreover C 1 doesn't depend on n, D 2 depends only on the set of three perpendicular axes; other subgroups are distinct.
Let : SU(2) ! SO(3) be the standard continuous two{folded covering: [(g)]w = gwg 1 , where g 2 SU(2), w = x x + y y +z z '(x; y; z) 2 R 3 . The compact subgroups H SU (2) c) Z n = ( C ( Z n ) ; " z n ; 0 0 ; z n # ) where Z n = fe 2ik=n : k = 0 ; 1 ; : : : ; n 1 g and z n 2 C(Z n ) is dened by z n (e 2ik=n ) = e 2 ik=n , n = 1 ; 2 ; : : : . 
But H and H 6 = 0 also satisfy (9), hence they are (up to a C -isomorphism) such as in 1) for some 0 . By virtue of (10), 0 = e ic 0 for all c 2 R, 0 = S 1 . Since Sp( H ) Sp, 0 , = S 1 . W e can identify H with SU q (2).
In the case of 2) H = . Therefore = Sp() = Sp H Sp= :
W e get = S 1 or = Z n , n = 1 ; 2 ; : : : . Hence, H is such a s i n b ) o r c ) . These subgroups are distinct since the corresponding C -algebras are nonisomorphic.
2. Remark 1. In the case of q = 1 SU q (2) = SU(2) = 1 (SO (3) which i s ( Z n ) e 3 for odd n and 1 (C n=2;e 3 ) for even n. Now w e shall classify the subgroups of G = SU 1 (2). Some related facts were already given in [Z] . Here we proceed in a little bit more complete way. Let us introduce a new (non{associative) product in SU(2). We set x y = x y for all x; y 2 SU (2) 1. Let Z be a compact, -conformable subset of SU(2). Then Z : A ! Z (A) i s a C -epimorphism. In that way w e obtain all C -epimorphisms from A (up to C -isomorphisms of the image, without repetitions).
2. Let Z be a compact, -conformable subset of SU(2) such that Z Z Z. Then G Z = ( Z ( A ) ; ( Z ( u ij )) 2 i;j=1 ) is a subgroup of S 1 U(2). In that way w e obtain all subgroups of S 1 U(2) (up to C -isomorphisms, without repetitions).
Proof. 1. Each C -epimorphism from A has (up to a C -isomorphism of the image) the form 2S for some S Sp(A) ( A is separable). It is clear that k 2 S ( a ) k = k 2 S ( a ) k for any S Sp(A) and a 2 A. Moreover, if k 2 S ( a ) k = k 2 T ( a ) k for some S =S, T =T and any a 2 A then S = T (since S T, T S). Passing to the subsets of SU(2) and using Prop.2.3, we get our statement.
2. Let 0 ; 00 2 Sp(A). It is easy to check that ( 0 00 ) G is unitarily equivalent t o 2 S where Z S = Z f 0 g Z f 00 g . Hence (for Z as in 1.), Z Z Z i 2.
In the following we assume that Z is a compact, -conformable subset of SU (2) (3) such that g 0 W g 1 0 W(where g 0 is the rotation through angle around the axis x 3 ) and W 6 DO(2) e 3 (omitting the last condition is equivalent with adding the cases Ia)-Ib) and the cases Ic)-Id) with even n).
We get the following W: a) SO(3) (then G Z SU 1 (2)) b) SO(2) n with n perpendicular to e 3 c) DO(2) n with n perpendicular to e 3 d) C m;n with n perpendicular to e 3 , m = 3 ; 4 ; : : : e) D m;n;0 with n perpendicular to e 3 , m = 3 ; 4 ; : : : e') D m;n;=2m with n perpendicular to e 3 , m = 2 ; 3 ; : : : f) T (the group of symmetries of regular tetrahedron freely hanging on a horizontal edge, gives the angle between e 1 and this edge in anti{clockwise direction), 0 < = 2 f)' T 0 (the group of symmetries of a regular tetrahedron with one edge in vertical position, the opposite one in horizontal position, gives the angle between e 1 and this edge in anti-clockwise direction), 0 < g) O (the group of symmetries of regular octahedron dened as in f)), 0 < g') O n; with n = e 3 , 0 < = 2 h) I (the group of symmetries of regular icosahedron dened as in f)), 0
<
Change of sign of n doesn't change W in any of the cases b)-e'). Besides, we h a v e distinct W and distinct Z = 1 (W). Combining the above results with Prop.2.4, we get all non{identical subgroups of S 1 U(2).
Remark 3. Let Z be -conformable subset of SU(2). Then (using an argument similar to that in [W3, proof of 
2.
The remaining results concerning q = 1 will be given in Section 3.
In the following we shall illustrate Prop.1.9 using the results of [P1] . Let q 2 [ 1; 1] n f 0 g . W e s a y that (X; ) is a quantum sphere if X is a quantum space, is an action of SU q (2) on X and 1) c k = 1 , c k +1=2 = 0 , k = 0 ; 1 ; 2 ; : : : , 2) W 1 generates C(X) (as C -algebra with unity). Note. The notion of the quantum sphere, which is used in the present paper is more restrictive (for q 2 ( 1; 1)nf0g) than that in [P1] . The present notion coincides with the assumption (for general q 2 [ 1; 1] n f 0 g ) and the
In the remaining part of the Section q 2 ( 1; 1) n f 0 g . According to [P1, Th.2] , (X; ) is a quantum sphere i (X; ) is isomorphic to (S 2 qc ; qc ) for c 2 [0; 1]. Moreover, the constant c is unique.
In [P1] we also considered (S 2 qcn ; qcn ), where c(n) = q 2 n = (1 + q 2n ) 2 , n = 1 ; 2 ; : : : . They satisfy the denition of the quantum sphere with 1) replaced by 1) n c k = 1 for k = 0 ; 1 ; : : : ; n 1, all other c k vanish (see [P1, eq.13b and eq.14]). 2.
3 Quantum SO3 groups.
In this Section we describe subgroups and quotient spaces of quantum groups SO q (3), q 2 [ 1; 1] n f 0 g . W e treat as well the quotient spaces of SU q (2), q = 1. (12) That is generated by the elements K = ; A=; C = ; G = 2 ; L = 2 :
It is easy to check that L L = ( I K )(I q 2 K); L L = ( I q 2 K )(I q 4 K); G G = GG = K 2 ; A A = K K 2 ; A A = q 2 K q 4 K 2 ; C C = K K 2 ; C C = q 2 K q 4 K 2 ; L K = q 4 KL; GK = KG; AK=q 2 KA; CK=q 2 KC; LG=q 4 GL; LA = q 2 AL; AG = q 2 GA; CA = AC; LG = q 4 G L; A 2 = q 1 LG; A L = q 1 (I K)C; K = K:
Let q 2 ( 1; 1) n f 0 g . Then C(SO q (3)) is the universal C -algebra generated by K; A; C; G; L satisfying (14).
Proof: It follows from Lemma 3.2
Let q 2 ( 1; 1)nf 0 gandK;Ã;C;G;L be bounded operators in a Hilbert space H, which satisfy (14). Then there exist bounded operators; in H which satisfy (9) and (13).
Proof: We analyse the representations of (14).
2.
Remark 1. Let q 2 ( 1; 1)nf 0 g . Then [Ta] (using the language of Hopf algebras) denotes SO q (3) by SO q 2 (3) and gives its relationship with O q 2 (3) of [RTF] , [Ta] . Proof: We dene C -homomorphism T q : C(SU q (2)) ! C(SU q (2)) B(C 2 ) by T q () = x , T q ( ) = y (cf Sec.1.1 of [Z] in the case of q = 1). Then T q : C(SO q (3)) ! C(SO q (3)) span fI; z g:The eigenvalues 1; 1 of z correspond to C -homomorphisms q ; q : C(SO q (3)) ! C(SO q (3)).
Using (13), we get a) and analogous formula for q , with i replaced by i. Therefore= id,= id, q is a C -isomorphism. The property b) follows from a). Due to Prop.3.3, we h a v e also SO 1 (3) = Q 1 SO 1 (3)Q is similar to SO 1 (3).
We w ant to describe subgroups and quotient spaces of SO q (3), q 2 [ 1; 1] n f 0 g . W e start with Proof: It is easy to check thatH is a quantum group and a subgroup of G with H = H j C H , H G = HGj CG : Therefore C(Z 2 nH) = HG C(G) = C ( H ). By virtue of (16), one can obtain C(HnG) C(Z 2 nG) = C ( G ). Therefore, due to (15) and
C(HnG) = C ( H n G ) a s C -subalgebras of C(G). Using (17) z I z) Ũ (1) c) C n = ( C ( Z n ) ; z n I z n ) Z 2 n ; n= 1 ; 2 ; : : : F or q 2 ( 1; 1) n f 0 g the above list contains all subgroups of SO q (3) (up to C -isomorphisms, without repetitions).
Proof: We prove the rst statement similarly as in Th.2.1 (in order to prove the second relations we use the fact that C -homomorphisms : C(U(1)) ! C(U(1)) and n : C(Z n ) ! C (Z 2n ) dened by (z) = z 2 , n ( z n ) = z 2 2n , n = 1 ; 2 ; : : : , are faithful h) c k = E(k=30)+ k ( k = 1 for k 0; 6; 10; 12; 15; 16; 18; 20; 21;22; 24; 25; 26; 27; 28 (mod.30) , k = 0 otherwise) in the case of I n; . 
Now w e pass to the description of quotient spaces for SU q (2), q = 1.
The cases 1), 1)',2) of Remark 3 are already solved. The case 3) is given by Proposition 3.7 Let W be a compact subgroup of SO (3) We set 0 q = ( id q ) q : C(X q ) ! C(X q )C(SO q (3)) C(X q )C(SU q (2)): The C -isomorphism : C(X q ) ! C(X q ) given by ( e 1 ) = ie 1 , (e 0 ) = e 0 , ( e 1 ) = ie 1 identies (X q ; 0 q ) with (X q ; q ). Therefore, using [P1, Remark 2 after Th.2], we get that a) (S 2 10 ; 10 ) = ( X 101 ; 101 ) is a unique (up to an isomorphism) quantum sphere for q = 1 b) The above object and (X 1;1;l 2 1=4 ; 1 ; 1 ; l 2 1=4 ), l = 2 ; 3 ; : : : , are unique (up to an isomorphism) objects which satisfy the assumptions and the con- One can use X 0 q = X q , 0 q , e 0 k , a 0 , b 0 , c 0 , instead of X q , q , e k , a, b, c. Cf also [NM] .
All the results of the present paper preceding this Remark, 
